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1 Overview

We would like to solve the incompressible Navier-Stokes equations with forces
imposed on the fluid by suspended particles:
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where f is the force on the fluid from the particles. We will use a drag-law
type of relationship:
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where the sum is over the suspended particles, and J.(x) is a numerical
(smoothed) approximation to the Dirac delta function §(x):
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We need some way of getting the divergence-free contribution of the
particle-induced forces. There are several options.

e (Straightforward approach, based on Peskin [5])
Evaluate the force at all grid points, then project.
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fi = flih) (6)
P~ (Pf)(ih) (7)

While this is a straightforward application of the immersed bound-
ary approach for this problem (and is relatively simple to implement),
the problem is that the force f is singular, so taking the derivatives
necessary for the projection method is problematic from an accuracy
standpoint.
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However, we do know that the projection of the singular forcing, P(f),
is much less singular than f itself. As e — 0, f is singular, while P(f)
is continuous along the direction of f.

e (Analytic approach)
A second approach is to analytically determine the projection of the
discrete delta function used to spread the particle force onto the mesh.
If the projection operator is (I — grad(A~')div), then we can define
K. ={K;}:
K (x) = (I — grad(A~1)div)d. (8)

Ignoring the effects of physical boundaries, the operators can commute:

K (x) = 6.0 — grad div(A™1)d, 9)



Note that A716, is a 1-D radial Poisson problem, which can be solved
analytically (with the proper choice of 4., of course).

Then, we can evaluate the projection of the forces on the grid:

Pf=> YK (z-a2®) (10)
k

While this approach avoids the singularity issues of the first approach,
its problem is expense. Since K. does not have compact support, the
cost of this approach is O(N,N,), where N, is the number of particles,
and N, is the number of grid points.

hybrid approach (based on the MLC algorithm of Cortez and Minion

2]).
Take the Laplacian of (8):

AK, = Ad. — grad div(6.I) (11)

Note that this does have compact support, since d. = 0 for r > €.

Now define:
DY = APFWE (- — ™) (12)

where the (- — x(®)) signifies evaluation at grid points, i.e. (ih — z®).
Then,
(Ah)le(k) - f(k)Ke(. —z®) (13)

We can use the compact support of . and the harmonic nature of **
to make this easier. First, we can only evaluate D locally:

D\ = AWK (- —2®) for [ih—2®| < (e+Ch)  (14)

where C is a safety factor. Then,

D; =Y D" (15)
k

Pf(ih) ~ (A")'D (16)

If C is large enough, and if A" is accurate enough, then this approxi-
mation is reasonable.



Note that we are referring only to the approaches in [5, 2] for spreading
the force due to the particles to the computational mesh and applying them
to the fluid. We will not use the approaches used to compute particle motion
in [5, 2|, since the particles in this work may move at a different velocity from
the fluid, while in [5, 2|, particles are constrained to move with the fluid.

2 Discretization of Advance

Using the third approach outlined above, we compute the projected force
P;(f™) using infinite-domain boundary conditions:

Pi( "n) Z Ah _Zk: n) m(k’")))—grad div(A_l)f_tk’”)ég(m_m(km))))

(17)
Then, we compute ¢* in much the same way as the “normal” approach:

T =" — At[(@- V@)™ — AtGT™ 2 + AtlvAd + AP (18)

where [VAW] is computed using the TGA algorithm, and the advective term
is computed using the second-order upwind scheme outlined in [4], including
Pr( f") as a force in the predictor step.

In order to make the time advance formally second-order in time, we now
update the particle positions and velocities:

ﬁk’* — —»k,n_|_Atf_7c,n (19)

We then use the new particle data to compute the projected drag force (again
using infinite-domain boundary conditions) P;(f*). Then, modify @* to make
the update second-order in time and project:

@ =P+ AtGT" T — —Pz(f”)+ Pz(f ) (21)

Note that the projection is also applied to Pr( f); this is done to enforce
the physical boundary conditions, since Pj( f) was computed using infinite-
domain boundary conditions (with image particles used to approximate the
effects of the solid walls for particles near the walls, as outlined in the fol-
lowing section).



We then can use the updated velocities to update the particle information
to the new time level:

—k.n —k.n At k.n k%

atntt = gk - (f5" + f5) (22)
At

Pl = gk > (ﬁk" + ﬁk*) (23)

3 Evaluating P;(f)

We want to approximate the divergence-free contribution of the drag force

Pr(f).

In indicial notation,

Pi@)i=Y P6,0 - 0.0)(A )o@ — =) (24)

k

Define K\ () = (650 — 8;9;)(A1)d.(z — 2®). Then,

Pf(x)i=Y fVKY (25)

k
Use a MLC-type approach; approximate D = AK by D = {[)Z-j}:

5P (2) = APK (@) it ¢ < e+ Ch (26)
K 0 otherwise
Then,
Plx) = Y [PKD () (27)
k
APfx); = Y fIAKD () (28)
k
~ > "D (@) (20)
k
Plx); ~ (AN PDY (). (30)
k
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We solve (30) with infinite-domain boundary conditions on P; f(x) (note the
subscript, which indicates the use of inifinite-domain boundary conditions
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as opposed to the standard projection operator P(«), which uses regular
physical boundary conditions). Our approach to do this is as follows:

We create a much larger computational domain which contains our com-
putational domain 2, which we denote by Q*. We discret|ize Q* using a
Cartesian mesh with a mesh spacing H = O(hz). We transfer the problem
to the larger and coarser domain Q* and solve on this larger domain:

Prf(a); = (A" fPOD (@) on 7, (31)
k

using infinite-domain boundary conditions [1, 3]. To better approximate
the no-normal-flow boundary condition at physical walls, we also use image
particles for all particles near the wall. For each particle within (ch + €) of
the wall, we add an image particle on the other side of the wall with the
opposite induced velocity field normal to the wall,

Then, we use an MLC approach to compute the face-centered Dirichlet
boundary conditions for the solve on the original mesh € by interpolating
from the coarse-mesh solution P;f onto 0f).

1. First, we subtract off the effects of the charges near the boundary. De-
noting a specific face along the boundary 02 as 0€2;, find the particles
k such that (xz®) — 9€;) < (e + Ch), Then, for each particle in k,
Prf(x) = ﬁ;‘(m) — (ef fect of k) for all of the coarse-mesh cells in *
which will be used to interpolate boundary conditions along 0€2;. In
the vicinity of solid walls, we also subtract off the effects of the image
particles we added in the previous step.

2. Use 4" order interpolation to compute Dirichlet values for P; f along

93

3. For each of the particles subtracted from the solution in step 1, add
the effect of the particles near to the boundary back into the boundary
condition value.

Then, we can solve on the original mesh for the solution to (30), using
the values computed above to provide Dirichlet boundary conditions along
the domain boundary 0f).



3.1 Evaluating K

We need to compute K = I§, — grad div(A™')d.. First, define W(r) =
(A™1)d, and Q(r) = [, de(s)sP~ds. We will find it useful to evaluate T (r)
as follows:

Lwey = 2 (32)
Then, we can evaluate I6, — grad div(A=1)3.:
KX = 6,0.r) — 0,05(A10(r) (33)
— bydr) - ai(%W(r» (34)
3. 1) = (G5 W0) (35)

Without loss of generality, we use a coordinate system centered at x®,
so that (x — ™) = . We know that 367:_ = =L, Then, using 32,

8 .
K = 6i6.(r) —a—%«%)%rf) (36)
T D—1(56 D
= 0ij0c(r) — [5@%(;) + :E:C (- D ) _ rgg))}
5ij Dz; j (]
K = 0y0r) = (O =~ Q) = —30(r) (37)

4 Pseudocode description of approach

Here is an outline of the approach to solve for the divergence-free contribution

—

of the drag force P;(f):
1. For each space dimension, d, do:

(a) set D; 4 to 0 for each cell 4 in the domain.
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(b) For each cell 2 in the domain, do:

i. Determine the group of cells p which fall within the region
|ph — x| < (Ch + €) for all particles k in cell 4.

ii. For each particle k in cell ¢ do:
A. Using (37), compute Dgf?i = Ah(f;k)Kg?)) for all p.
iii. Increment D: Dpg:= Dpa+ >, Dgi)i

(c) Solve for P;(f4): Pr(fa) = (A")~1 Dy, using inifinite domain bound-
ary conditions.
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